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The equations descr ib ing  the c o m p r e s s i o n  of a magnet ic  field, produced by a s y s t e m  of mer id ional  
c u r r e n t s ,  in an imploding spher ica l  cavi ty  a r e  solved in the p re sen t  communicat ion.  

The  c o m p r e s s i o n  of a magnet ic  f ield between two approaching pe r f ec t l y  conducting su r f ace s  is in-  
ves t iga ted  by the  method of c h a r a c t e r i s t i c s  in [1, 2]. The case  of a cyl indr ica l  geome t ry  is examined in 
[2] by means  of in tegra l  t r a n s f o r m a t i o n s .  The  solutions of these  p r o b l e m s  have a bea r ing  on the phys ica l  
p r o c e s s e s  occu r r ing  in s y s t e m s  in which a ce r ta in  " favored"  dimension can be ascer ta ined .  

In a n u m b e r  of c a se s  (in the expe r imen t s  desc r ibed  in [3], for  example) the most  important ,  final 
s tage of c o m p r e s s i o n  occurs  in a vo lume which has no pa r t i cu l a r ly  well  e x p r e s s e d  favored  dimension.  In 
th i s  connection we consider  below the c o m p r e s s i o n  of a magnet ic  field in a spher ica l  cavity.  Unlike the 
cor responding  p r o b l e m  for  a cyl indr ica l  geome t ry  [2], the p resen t  p rob lem p e r m i t s  of a s imple  and read i ly  
comprehens ib le  solution. 

1. The e l ec t rodynamic  p rob l em  to be  cons idered  is that  of the c o m p r e s s i o n  of an init ial ly produced  
magnet ic  field in an imploding spher ica l  cavi ty  in a pe r fec t ly  conducting medium. We r e s t r i c t  the d i s cu s -  
sion to the  case  when the radius  of the cavi ty  v a r i e s  l inear ly  with t ime :  

a (t)  = % - -  vt ( I .  t )  

where  a 0 is the initial  radius  of the cavity.  

The  expe r imen ta l  va r ia t ion  of a(t) r epor t ed  in [1] indicates that (1.1) is obeyed quite well  in p r ac t i ce  
r ight  up to a t i m e  approacbAng the moment  of m a x i m u m  compress ion .  

As the initial  field we take the field produced by an axial ly s y m m e t r i c  s y s t e m  of cu r ren t s  (shown in 
Fig. I). The surface meridional currents j (total current D enter at A a wire AB across the diameter of the 
cavity and leave the wire at B. 

In a spherical coordinate system with origin at the center of the sphere it follows from symmetry 
considerations that the only nonzero components of the electromagnetic field are H~, E~, and E r. It 
follows immediately from Maxwell's equations that time derivatives of all orders of the radial component 
are zero, so that this component is not excited during implosion. 

We thus arrive at the following problem. It is required to solve Maxwell's equations subject to the 
initial conditions 

and the boundary  condition 

It-1 (sinS)-1 (r<ao) (1.2) 
H~ (r, 8, 0) = E~ (r, 8, 0) = 0 

0 (r > no) 

E~ (~ (t), 8 ,  t) - ~.~-1 H~ (a (t), 8 ,  t) = 0 

The la t t e r  condition must  hold at a pe r f ec t l y  conducting su r face  [4] moving with a ve loc i ty  da/dt .  

(1.3) 
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Fig. 1 

M a x w e l l ' s  equa t ions ,  in con junc t ion  wi th  t he  b o u n d a r y  and the  i n i t i a l  
cond i t i ons ,  p e r m i t  s e p a r a t i o n  of t he  a n g u l a r  v a r i a b l e  i f  we put  

H~ (r, ~, t) = (sin ~)-1 h (r, t), E~ (r, ~, t) = (sin~)-~le (r, t) (1.4) 

2. S e p a r a t i n g  out the  a n g u l a r  de pe nde nc e  and e l i m i n a t i n g  the  funct ion  
e (r ,  t) f r o m  the  equa t ions  and the  b o u n d a r y  and i n i t i a l  cond i t ions ,  we a r r i v e  
at  the p r o b l e m  

O~h 2 Oh i O~h ' !: ( ~ t  1 
Or ~ + r Or - -  c 2 c~t~ = 0 ,  h ( r , O ) = - ~ - ,  - - / t = 0 = 0  

Oh I a" O(~t ) i d h (a ,  t) 
- - ~ r f r = a ' J V - - ~  r~a-J - -  ~ -  " - ~ - [ a ' h ( a ,  1)] = - - (1  J_ ~,2) a -  

(~ : v i e  : --a" / c) 

We s o l v e  (2.1) w i th  t he  a id  of  a F o u r i e r - B e s s e l  t r a n s f o r m a t i o n :  

(2.1) 

a(t) 
(I) (k, t) = I h (r, t) no (kr) rSdr 

o 
co 

h (r,  t) = 2n -x I (p (k, t) no (kr) k~dk 
o 

no (~r) cos ~r '~ = -  --W--] (2.2) 

H e r e  n o i s  t he  s p h e r i c a l  Neumann  func t ion  of o r d e r  z e r o .  The  cho ice  of  n0(kr) a s  e igenfunc t ion  i s  
d i c t a t e d  by  the  s i n g u l a r i t y  in  t he  i n i t i a l  d i s t r i b u t i o n  (1.2) at  r =0. 

A p p l i c a t i o n  of t r a n s f o r m a t i o n  (2.2) r e d u c e s  (2.1) to  an equa t ion  fo r  ~ (k, t) 

d~(P / df ~- k2c2(~ = - -  c ~ ( t  - -  ~2) ka  ~ jo" (ka)  h (a ,  t)  

wi th  the  i n i t i a l  cond i t i ons  

(k, O) = - -  I k  -2 sin ka(~, (dffP / dt)t=o = O 

The  so lu t i on  s a t i s f y i n g  (2.3) and (2.4) has  t he  f o r m  
t 

~P (k, t) = ~ I k  -~ sin kao cos kct - -c  (t - -  ~ )  I a~ (~) h* (~) Jo" (ka (~)) sin kc (t - -  T) d~ 
o 

(h*(t) = h(a(t), t)) 

(2.3) 

(2.4) 

(2.5) 

T h e  unknown f i e l d  at  t he  b o u n d a r y  of  t he  c a v i t y  a p p e a r s  in (2.5). To d e t e r m i n e  t h i s  f i e ld  we put  r = 
a (t) in t h e  i n v e r s i o n  f o r m u l a  of (2.2) and double  t he  i n t e g r a l  on the  r i gh t  s ide  s i n c e  

h *  (t) = 2  - l [ h  (a (t) -[- 0, t) -}- h (a (t) - -  0, t)], h (a (t) -~- 0, t) = 0  

T h i s  g i v e s  t he  fo l lowing  func t iona l  equa t ion  f o r  h*( t ) :  

_ 25T ao ' (0<f < 1__~_~ = f,, T ~ _.~_ ) 
h* (t) = (to-- ~) a (t L (2.6) 

h* (t) = •2h* (~ (I - -  ti)) ( t , < t  < T, 7 = (i+~) I (l--~)) 

We define a t ime  sequence {t n} in the following manner: 
A 

c (t. -- t~_i) = a (t~) + a (in-i) (2.7) 

F rom (2.7) we obtain 

t n = T (t --  7 -n) (n = 0,1,2,...) 

T h e  s e q u e n c e  {t  n} c o n v e r g e s  to T a s  n ~ r The  d i f f e r e n c e s  t n - t n _  1 c o r r e s p o n d  to  the  t i m e s  t a k e n  
by  t h e  e l e c t r o m a g n e t i c  wave  to  t r a v e r s e  t he  pa th  w a l l - c e n t e r - w a l l .  T h e  so lu t ion  of Eq. (2.6) thus  has  the  

f o r m  

h* (t) = z n-1 ( i  - -  ~ ) - t I  [a (0]  -1 0 n - l < t < t n )  ( 2 . 8 )  
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The requi red  solution h(r, t) is obtained by substituting (2.8) into (2.5) and the la t ter  into (2.2): 

I ].1,_1 
h (r, t) = ll~Ir-l~;n (T -~ i), 

Ir-lTn+1, 

0 ~ t ~  c-l(ao--r) 

tn -~ c -1 [a (tn) - -  r] ~ t ~ t n -~ c - I  [a (tn) -I- r] 

t n -~- c -1 [a (tn) -]- r] ~ t ~ tn+ 1 -~ c -1 [a (tn+l) - -  r] 

im 

2. 

3. 
4. 
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